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A one-dimensional column is considered in which a number of chemical reactions with arbitrary
kinetics may take place among an orbitrary number of components. Initially, the column is in
complete chemical and physical equilibrium. A localized small perturbation is introduced in the
column ot time t = 0. It is shown that, in general, this initial perturbation separates into a
definite number of peaks which move with different velocities. Each peak broadens according
to an asymptotic relation, depending on a characteristic dispersion coefficient. If n is the num-
ber of components, m the number of independent reactions, and o the number of equations of
state to be considered, there are n-m-c peaks. These peaks do not correspond to single sub-
stances as in classical chromatography, but each peak has an eigencomposition. The velocities
of the peaks are derived as functions of stoichiometry and equilibrium data. The dispersion co-
efficients depend, in addition, on the kinetics of the chemical reactions and on the rate of
mass transfer. Thus, perturbation chromatography offers a means of determining both equilib-
rium and rate data. The theory is illustrated by means of two examples.

The term perturbation chromatography used in the title
of this paper covers a broader class of phenomena than is
normally associated with chromatography. A definition will
now be given which, at the same time, delimits the scope
of this work. Consider the steady flow of a multicomponent
fluid over a uniformly distributed fixed adsorbent-catalyst
phase. In the initial steady state condition, fluid composi-
tion is independent of position and time and determines
the concentrations in the fixed phase through various phys-
ical and chemical equilibrium relations. At some time zero,
the system is perturbed over a small portion of its length
by a small change in composition of one of the phases,
Perturbation chromatography is the behavior of the system
after time zero. The description and use of the set of dis-
turbances which propagates downstream is considered here.

Earlier work in this area is summarized by Collins and
Deans (2), who discussed the number and velocity of
peaks to be expected under ideal, local equilibrium con-
ditions. In the present work, the equilibrium theory is
generalized, and chemical and mass transport kinetics are
taken into consideration. The behavior of the set of dis-
turbances resulting from the initial perturbation will be
related to the equilibrium composition of both phases,
the stoichiometry of the reactions taking place, the chemi-
cal and physical equilibrium functions, and the interphase
transfer and intraphase chemical reaction rates. These re-
lations can be put to practical use in obtaining unknown
equilibrium and rate information from observation of
pulse behavior.

The information to be gained is quite general. In par-
ticular, no limitation as to number of components or
reactions is necessary; the restriction of infinite dilution
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in a carrier fluid is avoided, and the various equilibrium
and rate functions are not required to be linear in concen-
trations.

In the first part of the paper, general equations are de-
rived and applied to the local equilibrium problem. Peak
velocities are obtained for cases in which neither phase,
the flowing phase, or both phases are subject to additional
restrictions in the form of equations of state. In the second
part, the method of moments is applied to the perturbation
transport equation to yield first and second moments of
peaks. The first moments are related to the velocities of
the local equilibrium case; the second moments yield ex-
pressions for peak width in terms of equilibrium and rate
parameters.

A generalization of a problem studied by Klinkenberg
(5) is used to illustrate the methods derived. This problem
is particularly suitable, since an analytical asymptotic solu-
tion is available for comparison in certain limiting cases.
Finally, a numerical example is presented to show the
development and asymptotic behavior of peaks after an
initial disturbance in the fixed phase.

BASIC EQUATIONS

Standard procedure for applying continuity conditions
to a column is to write mass balances for the two phases
separately. In the usual chromatographic case, convection
and dispersion terms appear in the flowing phase (f)
balances but not in those for the fixed phase (s). Here
it is very convenient in what follows to have the balances
for both phases written as a single vector equation. The
transition is accomplished by adopting the following no-
tation.

1. Let ¢, ... cn; denote concentrations of the flowing
phase species; ¢ns+1 ... cn denote concentrations of the
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fixed phase species. Each component is present in the form
of two species; the concentrations thus form a column
vector ¢ with twice as many elements as there are compo-
nents in the system. In certain limiting cases, the concen-
tration of one or more components may be zero in one or
the other of the phases.

2. The transfer of a component from one phase to the
other is considered to be a reaction. The stoichiometric
coeflicients in such mass transfer reactions must take into
account the volume fractions of the respective phases.

3. Flowing phase velocity and diffusion coefficients, as
well as the phase areas, become particular matrices of
order n. The velocity matrix V is diagonal with of as the
only nonzero element in positions 1 through n;. The area
matrix A is also diagonal, the first n; elements being o/,
while the remaining ones are a®. Here and later, the super-
scripts f and s refer to flowing and stationary phases, re-
spectively. The diffusion matrix D will in general have
nonzero elements in the n; by n; submatrix referring to
the flowing phase, and also in the similar submatrix refer-
ring to the fixed phase. In its full form, D accounts for
diffusive coupling among components in the respective
phases. If D is primarily associated with dispersive mech-
anisms in the flow direction, it will also be diagonal.

With the assumptions of one-dimensional flow at con-
stant pressure, the fundamental balance is

[i] 0 [i] 0
—MQ=——meu—QDi)+m (1)
ot 0z 0z 0z

where r is the vector of source terms, including both inter-
phase transfer and chemical reaction contributions. The
units of r; are moles species ¢ per unit time and volume of
the phase to which i belongs.

The source vector r is expressed in terms of reaction
rates through the stoichiometric vectors ¥, which are of
two types, as indicated above. If j refers to a mass transfer
reaction, ¥ will have only two nonzero elements whose
ratio is (—a’/a®). If j refers to an intraphase chemical
reaction, the elements of ¥ will be stoichiometric coeffi-
cients in the usual sense. If the scalar rates are denoted
by pj, the column vector r is given by

m
r= E Vjpj (2)
i=1

The summation limit m in Equation (2) is the total
number of stoichiometrically independent reactions which
occur in the system. This is equivalent to the requirement
that the ¥ be a set of m linearly independent column
vectors, which in turn requires that r vanish if and only if
all the p; are zero. A second requirement of r is intuitively
obvious and essential to the proof of necessary mathemati-
cal results. It is that any nonzero r must have at least one
positive and one negative element, a corollary of the over-
all conservation of mass.

To this point, temperature has not been mentioned ex-
plicitly. In the one-dimensional formulation, the concentra-
tions of one species in each phase (say ¢n; and ¢,) can
be the enthalpy per unit volume of that phase. Hereafter,
temperature will be assumed locally constant, as is the case
in the usual chromatographic procedures. Equations of
state for one or both phases will then be relations involv-
ing concentrations in the usual sense.

As an introduction to the following discussion of par-
ticular cases, it should be noted that Equation (1) and
specification of the rates p; are not sufficient in general to
determine the one-dimensional system, all considerations
of boundary and initial conditions aside. The flowing
phase velocity vf and the phase areas are local variables
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along with the ¢;, so that two more (scalar) equations (or
restrictions) are required. Three physically appropriate
cases are differentiated as follows:

1. Each phase includes a carrier species not counted
in ¢. ¢f, af, and a° can be taken as constant without violat-
ing total continuity conditions. This case has the simplest
mathematical form and will be used as the framework for
the examples.

2. The fixed phase includes a carrier (such as the num-
ber of solid sites per volume of fixed phase}, but the flow-
ing phase does not. An equation of state of the form

ghlcy, .. cy) =0 (3a)

applies to the flowing phase. The areas &’ and a° can be
considered constant, but the velocity vf is determined by
overall continuity consistent with Equation (3a).

8. Neither phase contains an uncounted carrier. In ad-
dition to Equation (3a), a second equation of state ap-
plies to the fixed phase; that is

gs (an+1, e Cn) =0 (Sb)

Both ¢//a* and v are determined locally by these addi-
tional restrictions.

The number of equations of state used will be denoted
by the symbol o in the following sections.

LINEARIZATION OF CASE (1), ¢=0

As noted in 1 above, A and V are constant matrices
in this case. Equation (1), after premultiplication by A~1,

is
dc gc 9 oc
—=—V—+—<D—)+r 4
ot 0z 9z 0z 4)

The initial equilibrium state of perturbation chromatog-

raphy is given by

r(c*) =0 (5)

c=c¢% ——=——=0

The (everywhere) small deviation from the equilibrium
state after perturbation is
x=¢—c" (6)

With the assumption that D does not depend explicitly on
z, Equations (4), (5), and (6) yield

ox ox 9%x

= —-V_—_4+D + Kx 7

dat 0z + 922 (7)

where
or
- (&) ;
dc . (8)
c=¢C

In classical chromatography, where the components do
not couple, K consists of four square matrices of equal
order, each of which is diagonal. Here, every element in
the n by n matrix K may be nonzero. Equation (7) is, of
course, only first order correct in the small deviation of x.
Experimental conditions appropriate to this approximation
may always be approached in practice (2).

From the definitions of (2) and (8) it is seen that K
is the sum of m dyads of order n; that is

m dp;
K= vj (_J_) 9
2 — (9)
i=1 c=c*
where the dp;/dc are row vectors of order n. If the latter
are linearly independent, then the rank of K is m, a result

which is essential to what follows. Hereafter, the symbol d
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will be used for the nullity of K; that is, d = n — m.
Since K is of nullity d, there are d constant independent
row vectors s’ such that

s K=0 (10)

There is also a direct consequence of the stoichiometry of
the reactions. A set of vectors s’ can be determined from
the fact that any vector s’ is orthogonal to all vi. The
vectors s’ can be taken as row vectors of an n by d matrix
S, so that

SK =0 (11)

There will be also d constant independent column vec-

tors e’ such that
Kei =0 (12)

The vectors e’ are associated with the equilibrium condi-
tions as follows: Let

cy) =0 (13)
be the conditions of equilibrium for the m stoichiometri-

cally independent reactions. The linearized conditions then
are given by

hi (61,02,

" hi &
s (.i_) 5= 0 (14)
i=1 ac;
The solution set of this can be represented by
x,=Ey (13)

where E is a d X m matrix, the column vectors of which
are €), and y is a d dimensional column vector. Equation
(15) represents all equilibrium states in the neighborhood
of the original equilibrium state of the column. Since the
rates vanish for equilibrium
KE = 0 (16)
It should be noted that § and E are not uniquely de-
fined. An 8 matrix premultiplied by a nonsingular d X d
matrix will generate another 8§ matrix. Similarly, an E
matrix postmultiplied by a nonsingular d X d matrix will
generate another E matrix. The final results obtained in
this work are invariant against the choice of § and E.

Klinkenberg’s Problem

In a recent article, Klinkenberg (5) considered the
chromatographic flow of components A and B in a carrier
gas over a packing which catalyzed the reaction A = B.
He obtained results for the asymptotic velocity and width
of the single peak which results from the infinite dilution
perturbation with an A-B mixture. His assumption of phys-
ical equilibrium between flowing and fixed phases is not
required in the method to be used here, so that the results
obtained will include Klinkenberg’s solution as a special
case.

In the following, subseripts 1 through 4 on x will refer
to A, B in the flowing phase, and A, B in the fixed phase,
in that order. The linearized rate expression for the three
reactions are

p1 = Hy (%, — B1%3) (A mass transfer) (17a)
ps = Ha (x; — B2 x4) (B mass transfer) (17h)
ps=H (x3— B8 x4) (A= B reaction) (17¢)

Equation (17¢) implies that the reaction occurs in the
fixed phase. In Klinkenberg's version, (17a) and (17b)
were assumed to be at equilibrium, that is, #{; and #/,
very large.

Since n = 4, m = 3 for this problem,d = n — m = 1;
the S matrix becomes a four-element row vector, one pos-
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sible form of which is

1
S=— [aj>af’ as, as] (18)
Y
The constant + is used to normalize the produce SE. The
E matrix is a four-element column vector, a version of
which is

E = [Bi8, B B, 117 (19)
Then, if SE = 1, v is given by
y=d (BB + B) +a (B+1) (20)
The K matrix is obtained from the v vectors
— 1/d. 0 0
A e I
0 1/a® 1

> s

and the derivatives of the rates (17), according to Equa-
tion (9). K is given by

- Hl/(lf 0 Hlﬂl/(lf 0
K = 0 —Hy/af 0 Hape/af
tHi/a® 0 —Hip/e —H tiB
0 Ho/a’ #H — HoBo/as — HB

(22)
Clearly, SK = KE = 0, as required.

MODIFICATIONS FOR THE ¢ = 1 AND ¢ == 2 CASES

For the o = 1 case, V is a variable, while A is constant
as before. After linearization and premultiplication by A7,
Equation (1) becomes

x x 2x ovf
* 4 De— —c* + Kx
0z 922 0z

5;_

(23)

where V* is the equilibrium velocity matrix with diagonal

elements (¢f)* and 0, the equilibrium velocities of the

phases. The local derivative 9V//6z must be such that the

lowing phase equation of state, Equation (3a), is satisfied.
Let

- (1)

ce=c*

= [bfl, bfg, P bfnf, 0, ..... 3 0]

(24)
Then, to first-order terms

bfx =0 (25)

For an ideal gas the elements, b7, to b7, are equal to unity.
If Equation (23) is premultiplied by b/, the first three
terms vanish, leaving

avf
0=—-bfc’“-5—-+bex (26)

Tt is shown elsewhere (4) that bf ¢® +* 0 in any physically
reasonable case. Thus
avf

—— = (M c®) 1 b K x

0z (27)

which can be substituted into Equation (23), eliminating
dV!/dz. The result is, after rearrangement and factoring

d d 92
X Ve X+Da—z+[l—(bfc“)—1c“bf]Kx
r4

(28)

at a9z

This is a generalization of the result of Collins (2). Since
V* is the same as V in the ¢ = 0 case, Equation (28) is
identical in form to Equation (7) if K‘© is defined by
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KO =[1- (bfc*)1c® 1K (29)
The proof that K is of rank m is given by Klauser (4).
For the ¢ = 2 case, both V and A are local variables.

Equation (1) may be linearized and premultiplied by
(A*%) ~1, with the result

ox /A 9(AV) ]
— .Aﬂ -1 [.___. & =
ot + (A7) ot + 0z ¢
_ye ox +D 9%x
9z 922

+Kx (30)

where (°) again refers to the equilibrium state. In this
case, both Equations (3a) and (3b) must be satisfied.
Equivalent to Equation (24), let

og®
bs=( ) =(0,0,....,0,b%;41, ...
70 ( F+1

c=¢c*

., ba)
(31)

Since b* x = 0, and because of the structure of V and A,
premultiplication of Equation (30) by b*® leads to

(as)‘l%bs ¢® = b*Kx (32)

Similarly, premultiplication by b gives

(ayr [ 22,2
at 0z

] be*=b Kx  (33)

Since neither b® ¢® nor bf ¢® vanishes for normal systems,
Equations (32) and (33) can be solved for the compo-

0A  0(AV
nents of (A*)~1! [-—a‘—-}- (6 ) ] in terms of Kx. The
F4

results may be substituted into Equation (30) to yield,
after terms are collected

2 3 PY
e —veZ D IE | ke (34)
at 9z 3z2

where
K® = [1— (b c*)"1c* bf — (b*c®)"tc* W] K  (35)

It follows from Equations (34) and (35) that the exact
nature of the relation between af, a®, and total cross-section
area does not effect perturbation chromatographic results.

Modification of Fand S for c = 1 and ¢ = 2 Cases

The arguments which lead to the existence of an E
matrix such that KE = 0 are not changed. The vector of
deviations y is still d dimensional, but only a (d — o)
dimensional subspace is permissible, consistent with Equa-
tions (3b) and/or (3a). The generalization of Equation
(16) is then

K@E =0 (36)

There also still exist d constant, linearly independent row
vectors s¢@¢ which span the left-hand null space of K. In
the o = 1 case, one of these vectors can obviously be taken
as b’, because of Equation (24). In the o = 2 case, both
bf and b® are s® vectors and are clearly independent.
Other independent s*>¢ can be obtained from the condi-
tion

§(0i 9@ = Q (37)
where v(@% is as before [Equation (2) and preceding re-

marks]. The forms of ¥/ and v‘® follow from Equations
(29) and (85), respectively:

Vi = yi — (b c®) 1 b’ ¥ c* (38a)
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YD =y — (bfc®) =1 b wic® — (b*c®)~1bsvic®
(38b)

The matrix $¢7 formed from the row vectors s then
satisfies
S@ K = (39)

Velocities Associated with an Equilibrium Perturbation

An equilibrium perturbation x., as defined by Equation
(15), is a solution of a restricted class of problems which
may be termed local equilibrium or hyperbolic. The basic
restrictions are that the system can be assumed to be in
equilibrium for all z and ¢ and that there are no dispersive
mechanisms in the flowing phase (D = 0). The appro-
priate transport equation is

0%, X,

—V¥—+r (46)
ot 92

The unknown vectors r and x, must be determined such
that Equation (15) is satisfied and

Sr=0 (41)

that is, the stoichiometric restrictions are satisfied. Substi-
tution of Ey for X, and premultiplication by $‘© yields
dy

S(OE —

d
= —s@ygd (42)
ot 9z

It can be shown (4) that S‘7F is nonsingular, so that

ay  _a
TirX oo (43)
ot 0z

where the (d X d) matrix F is given by
F=[S@®E]"1§®V*E (44)

For the o = 0 case, the eigenvalues of F are real with
lower bound zero and upper bound vf [see (4)]. It will
be assumed for all cases that the eigenvalues are real and
distinct.

Let the eigenvalues of F be vy, vy, ... vy, correspond-
ing to a set of normalized left-hand eigenvectors (row)
f9 and right eigenvectors (column) fr; that is

fiF = v; f4 (45)
Ffri= Vi fri (46)
and
£l fri = §; (47)
Then, if ; is defined by
d
y= 3 fin (48)
i=1
or
p=fiy (49)
premultiplication of Equation (43) by f yields
oni o
S (50)
at 9z

Equation (50) states that certain linear combinations
of deviations x, defined through Equations (15) and (49),
have distinct propagation velocities ©;. An initial perturba-
tion, present in a small interval of the column, will sep-
arate into d{(=n — m) disturbances. each moving with
a characteristic velocity. These correspond to the peaks
of the usual chromatographic column in the ¢ = 0 case,
with the following generalizations: finite concentrations of
components other than carrier gas in the equilibrium state,
hence a coupling between components not found in infinite
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dilution chromatography; chemical reactions in either or
both phases; general (nonlinear) physical and chemical
equilibrium relations.

For the o = 1 case, the eigenvalue corresponding to
one of the eigenvectors is just the flowing phase velocity
v, This can be seen from the rearranged definition of F
[Equation (44) ]:

SOEF =SW V*E (51)

One of the row vectors in $2? is b’ as shown above. From
the definition of V*#, it follows that

b EF = V/ bf E (52)

Thus, b’E = %, which corresponds then to the eigenvalue
vy = ¢f. A nonzero linear combination #; of deviations
would correspond to perturbation of the equation of state
(3a); hence, it is not physically realizable. It follows that
only d — 1 distinct peaks will be observable.

Similarly, it can be shown for the ¢ = 2 case that both
b’E and b°E correspond to nonexcitable perturbation with
eigenvectors v and 0, respectively. In general, the number
of observable peaks to be expected from a general pertur-
bation is given by

dp=n—m-—o (53)

This is a generalization of the result of Collins (2), who
considered the o = 1 case.

Peak Velocity in Klinkenberg’s Example

Since d = 1, ¢ = 0 in this example, F is a scalar, and
only one peak is expected. The factor (SE) ~! is unity be-
cause of the normalization, so that

f
F=SV“E=W (54)

Y
This is in agreement with Klinkenberg’s I/u. (his nota-
tion), where I is column length and g is mean residence
time of the single peak.

BASIC CONCEPTS OF THE GENERAL THEORY

In the previous sections the solution of the linearized
equations has been given under the assumption that kinetic
effects can be disregarded. If kinetic effects are taken into
account, complete analytical solutions can be found only
in the very simplest cases. Intuitively, it might be ex-
pected that these effects have no influence on the qualita-
tive behavior of the column, that is, on the separation of
an initial perturbation into a certain number of peaks.
However, it is well known that these peaks do not keep
their shape but become wider as’ they move along the
column with different velocities.

In order to utilize these characteristics of chromato-
graphic systems, it will be necessary to define quantities
such as the velocity and the width of a peak in a way
which is both mathematically and experimentally useful.
That is, the definitions should allow the calculation of
these quantities analytically from the kinetic constants in
the basic equations and the experimental determination of
the kinetic constants from observations of the response of
an actual chromatographic column. This can be achieved
by utilization of the moments of the functions x(z,#) with
respect to the coordinate z. This method has been applied
frequently in the past in order to analyze simple (n =1
or n = 2 and d = 1) chromatographic systems (I, 3).

Definitions

It will be necessary first to introduce some definitions.
An instrument is a device which measures a linear com-
bination of the perturbation variables x;. Thus, an instru-
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ment is represented by a nonzero, n dimensional row vec-
tor 1. The response s of the instrument is then given by

s(z,t) =1x(z,t) (55)

The response will be called a signal if all moments of s
exist. That is, s is a signal if

er ) & s(z,t) dz exist for all ¢
— andj=0,1,2, ...
A signal is defined to be of order » if
=0 j=0,1,.. .
%O j=v
A signal of order 0 (that is, a signal with nonvanishing

zero moment) is a regular signal. Otherwise it is a singular
signal. The center 2 (¢) of a signal is defined as

v—1

fj: sz, t) dz (56)

f_w (z —2%)"Tls(z,t)dz=0 (57)
where v is the.order of the signal. Thus, by Equations
(56) and (57)

+ + ®
2 = f_w Ftlsdz/(v+ 1) f_w 2’ sdz (58)
dz*/dt is the center velocity of a signal, and
d 3
v=lim &
t>o0 ¢

is the asymptotic center velocity provided that this limit
exists, The variance o2 of a regular signal is defined as

+ o
/ f_ . sdz  (60)
and the dispersion D* of a regular signal is defined as

2
D* _ 1 lim da?
9 too  Jf

(59)

+ =

o= (z—2*)2sdz

(61)

provided that the limit exists.

A chromatographic column will be said to be in a mode
if the asymptotic center velocity of the signal is the same
for any instrument 1. The signal from a column which is
in a mode will be called a peak, and the asymptotic center
velocity of such a signal will be called the velocity of the
mode or of the peak. It will be shown later that if a col-
umn is in a mode, any regular signal has the same disper-
sion independent of the instrument used to obtain the
signal. The dispersion coefficient thus obtained will be
called the dispersion of the mode or of the peak.

If these definitions are applied to the case where kinetic
effects can be ignored, it can be seen that a mode corre-
sponds to a column in which only one “peak” exists.
(Quotation marks indicate usage of the concept in its
general sense, not in the narrow sense as given above.)
There are exactly d different modes (if all modes are
counted regardless of their physical excitability) with
velocities equal to the eigenvalues of F and with disper-
sions which are all equal to zero.

The foregoing definitions are useful for the following
reasons. In an experimental situation, a “peak” can be
easily identified, and measurements can be carried out
regardless of the number of other well-separated “peaks”
which may be in the column. It is not necessary in an
experiment to create a column in which there is only one
“peak” and which is otherwise clean. (Theoretically, this
would be possible, for instance, by cutting out a section of

a column containing only one “peak” and by implanting
this section into an otherwise unperturbed column.) The
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moments of an experimental peak can be determined easily
by choosing the limits of integration appropriately. In fact,
this amounts to looking at only one part of a recorder
chart. The situation is different, however, if the moments
are determined from thermodynamic and rate functions by
analytical integration. A method of identifying a “one
peak” column is needed, since the integrations for calculat-
ing the moments must be carried out from — o to + 0.
The presence of other “peaks,” however far away from the
one under consideration, would interfere with the deter-
mination of the parameters of a particular “peak.” A col-
umn which is mathematically in a mode as defined above
corresponds to a column with only one “peak.”

Transformation of the Transport Equation

If kinetic effects can not be disregarded, the linearized
equations describing the column become, from Equations

(7), (28), (29), (34), and (35)

d ) a*x
Z_KOx-V* =4 D— (62)
ot 9z 922

Before the moment transformation is applied, it is con-
venient to take advantage of the singularity of K by a spe-
cial linear transformation. The new variable % is defined

by

x=T% €=T1x (63)
Equation (62) then becomes
d 92
—EzT—IK«r)Tg—T—IV*Tig—JrTﬂDT k
ot 9z 922
(64)

It can be shown that the matrix T can be determined
in such a way that T-1 K T becomes a matrix with zeros
everywhere except in the lower right-hand comer m by m
submatrix. This condition does not determine T unambigu-
ously. It is convenient to define T in a standard way as fol-
lows: a matrix E is chosen which satisfies Equation (36);
S is determined such that

SE =1 (65)

which is always possible; and T-! and T are then deter-
mined such that S occupies the upper part of T, E occu-
pies the left-hand part of T, and the unit matrix appears
in the right-hand lower corner of T~1; that is

T-1 = [s] (66)
= [
T=[E : §] (67)
!
.1 0
E= |E”: 1 (68)
- 0 .'

1

It can be seen easily that with this definition E” and §’ are
uniquely defined by the condition that TT~! = 1 and by
the condition that T transforms K@ in the desired way.
The variables ¢ have the following physical meaning
[see Equations (63) and (66)]. The first d elements of §
measure the overall stoichiometrical perturbation. If in a
fictitious experiment the equilibrium is perturbed without
having any transport in the z direction and without adding
or removing substance, Sx = 0. Therefore, the first d ele-
ments of € vanish in this case. The last m elements of €
measure the displacement from equilibrium. Since each
vector in E’ is orthogonal to each vector in E, E’ repre-
sents the linearized equilibrium conditions; that is, E'x =
0 whenever the system is in equilibrium. Thus, the last m
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elements of € are zero in the case of equilibrium.

T Matrix for Klinkenberg’s Problem
For Klinkenberg’s example, the matrices T~ and T are
given by
) afly dly aly aly
—B/BB 1 0 0

TH=\_178 0o 1 o (69)
—1/88: 0 0 1
BB —aBpi/y —a BBy —asBBi/y
T | B 1-dB/y —aBly —aBaly (70)
B —dB/y 1—aB/y —aB/y
1 —d/y —as/y 1—as/y

where y is given by Equation (20).

Transformed K, V, and D Matrices

The following notation will be used for the transformed
matrices K@, V*, and D:

0.0
T-1 K(® T..__:[..-.a” J (71)

0.-L
Vaniya }

€0t o pocw

Ve ye (72)

T—IV"T=[

DU ] DU

T—lDT={“°‘“°”J (78)

DeL: DE»
In these equations, the matrices on the right-hand sides
are all divided such that the upper left-hand corner sub-
matrix is d by d and the lower right-hand corner submatrix
is m by m.

From the definition of F, see Equation (44), and from
Equations (65), (66), and (72), it follows that

VaD = F (74)

The symbol F will be used in what follows instead of V{11,
In numerical calculations it is not necessary to carry out
the transformation in Equation (71) in detail in order to
obtain L. From Equation (71) it follows that
. 0:0

T-1 K@= ['0 eese | T-1 (75)
From this and the form of T-! [Equations (66) and
(68) 1, it follows that —L is identical with the lower right-
hand corner matrix in the product T—1 K¢,

For Klinkenberg’s example, L is then easily obtained
from Equations (22) and (69):

Ho/d* Bot 1/ Baf —HoBo/ &
L= 0 Hi/af + Hipi/es + H —HRB
—Hsy/as Hi/Baf — H HoBs/as + HB
(76)

For this example, the matrices V{42 and V@D are a row
and a column vector, respectively. These matrices, which
will be needed later, are given by

vfdf a®
va — W [B+1, —(B+B8B1), —(B+BB1)]
; (77)
an
[VeD]T = — ¢f [0, B, 1] (78)

NONEQUILIBRIUM THEORY

The Moment Transformation

In this section, the moments of %, the transformed
perturbation vector, will be calculated as functions of
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time from Equation (64). The d dimensional column vec-
tor p® and the m dimensional column vector ¢ are
defined as follows: :

( I(,l(u) ) _(=1)” fj: 2% (zt) dz (79)

/) )

p*’ and q are thus functions of time. Differential equa-
tions for p®’ and q’ can be obtained by multiplying
Equation (64) by z”, by integrating from z = — « to
2z = + 0, and by applying integration by parts to the
integrals with integrands

9 0?
P _‘%_ and zv i
9z 922

Use is made of the fact that for the perturbations consid-
ered

o N
dp o =tp (#32) =0 o0
This aspect of the method is well documented in the
papers by Aris (1) and by Horn (3). From the definition
(79) and from Equations (71) through (73) and (80),
the following set of ordinary differential equations can be
derived:

p® =0 (81a)
q® = —Lq©® (81b)
P = — F p® — va» ¢ (824)

4V = — L q¥) — V@& p® _ ye» @  (82h)

p(2) = —F P(l) — Va2 q(l) + Dy P(O) + Da2) ((18(;)‘1)
q(2) = — L q(2) — Ve ) V22 q(l)
+ Den P(O) + D2 q(O) (83b)

These differential equations can be integrated succes-
sively. The integral of (81a) is given by

0) — B
p®=>

where b denotes a vector of integration constants. Since
L has only eigenvalues with positive real parts (see refer-
ence 4), the integral of (81b) is a linear combination of
exponentially decreasing functions. Only the asymptotic
behavior of the column will be investigated in this paper.
It will be seen later that these exponential terms do not
contribute to the asymptotic center velocity or to the dis-
persion. Therefore

(84a)

q® =0 (84b)
It can be seen that if the exponential terms in q‘® were
carried over to the equations for the higher moments, the
only effect would be the generation of other additive de-
caying exponential terms in the higher moments p, q‘¥,
p®, and q‘?. Equation (84a) merely states that an over-
all mass balance on the column is satisfied at any time
and hence gives a trivial physical result. On the other
hand, Equation (84b) states that if all concentrations are
averaged over 2, the average concentrations obtained are
in equilibrium after a sufficiently long time. This result is
nontrivial, since in any real chromatographic column there
will always be regions which are not in equilibrium, for
example, at the front and the rear of a “peak.”

The first moments p* and q® now can be derived by
putting the result of (84) into (82) and by integrating
the equations obtained. The result is given by

P = —F b® ¢ 4 h®
q = — L1 Ve p©

(85a)
(85b)
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where b is a vector of integration constants. Exponen-
tially decreasing terms are omitted in Equations (85).
Similarly, the result

p® =F2 b©® 2/
+ [~ Fb4 Va» -1 ye@H h® 4 DUD h®]¢ 4 b

(86a)
q» =L-1VED F b ¢t — [,~1 y@» b
+ L1 V@ -1 yeED o  [~1DED ho
—L-2VEDFb©®  (86h)

can be obtained for the asymptotic values of p® and ‘2.
b js a vector of integration constants.

Moments in a Moving Coordinate System

A coordinate system is now considered which moves
along the column with velocity v. The coordinate Z in this
system is related to z by

T=z— ot (87)

The moments in the moving system are p ** and § > and
can be calculated easily from the moments in the stationary
system by using (79) and the definition

(F0) =S5 S Gowrewne oo

From this and from Equations (81) through (83) it fol-
lows that

13(0) — b(O) (89(1)
g =0 (89b)
PV = [0b® — Fb®] ¢ + b (90a)
G = — L1 yen po (90b)

P = [02b® — 20 F b® 4 F2b©®] 12/2

+ [pb® — FbW 4 yu2 -1 y@D O
+ DAL B®] ¢ + b (91a)
g®» = —L-1Ve [pb® — Fb®]¢
+ [L1Ve» L-1ven 4 L-1pen

—L-1V@eD _ L-2VeD F]1b©® (91b)

Peak Velocities

Suppose the column is in a mode with velocity v. Then
the asymptotic center velocity in the moving coordinate
system must vanish identically, since all components must
have asymptotic zero center velocity by the definition of
a mode. That is, the coeflicient vector of ¢ in Equation
(90a) must be zero. Therefore, the following holds: (a) If
the column is in a mode, b‘® is a right-hand eigenvector
of F, and the velocity of the mode is the respective eigen-
value of F.

As has been explained before, the experimental identi-
fication of a mode is simple, since a mode corresponds to
a well-separated “peak” in the column. Thus, the result is
obtained that the asymptotic velocities of the “peaks” are
independent of kinetic effects. The result in (a) is identi-
cal with the result of the equilibrium theory.

From the definition of T in Equation (67) and from
Equation (79) for v = 0, it follows that Ef" is propor-
tional to the z averaged perturbation x in the “peak” cor-
responding to mode i. Thus, Ef? can be called an eigen-
composition. If the initial perturbation has this z averaged
composition (or a composition stoichiometrically equiv-
alent to it), only “peak” i will be nonsingular. All other
“peaks” are singular with respect to all instruments 1. From
this fact, the eigencomposition can be determined experi-
mentally by using noncalibrated instruments, that is, linear
instruments with unknown sensitivities to individual com-
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ponents.

Disparsion and Shift

Next it is assumed that the column is in the i" mode
corresponding to the i*h right-hand eigenvector {7, of F.
It can be seen that in this case the term #2 in (91a) and
the term in ¢ in (91b) disappear. The vector b’ pertains
to an interesting phenomenon which will be called the
shift. Assume for the moment that b‘® be proportional to
fri, in which case it would be proportional to b‘®. (This is
never true in the presence of kinetic effects other than
longitudinal mixing.) That is, the stoichiometric variables
in a peak would have the same center. In general, this is
not the case, since the components in the moving phase
are ahead of the components in the stationary phase if
there is no equilibrium. (The simplest example is given by
o= 0,n= 2,d= 1) In other words, the centers of the
stoichiometric variables are shifted relative to one another
owing to the kinetic effects. The shift will correspond to
that part of b‘® which is orthogonal to f. It is obvious
that b for the #" mode can be determined only up to
a vector proportional to fr, since the property of a column
to be in a mode remains unaltered if all perturbations are
shifted by a time constant distance in the z direction. Such
an operation corresponds to adding a multiple of 7 to
Equation (90a).

An instrument ] measuring the vector x corresponds by
(63) to an instrument M measuring the vector &, where

A=IT (92)

The first d elements in A will be combined to form a row
vector %, and the last m elements in N will be combined
to form a row vector . Thus

A= (7, 1) (93)

Assume that the column is in its ¢t mode and that =
is given by

= fi ji (94)

The peak observed by this instrument is then singular,
since its zero moment vanishes because of (a) and because
of the orthogonality of f¥ and fr (i + j). The velocity of
this singular peak is then determined by the product of
f and the coefficient of ¢ in Equation (91a). Since the
column is in a mode, this velocity must vanish in the
coordinate system which moves with the velocity of the
mode, so that the following holds: (b) If the column is
in the i*" mode, the coefficient vector of ¢ in Equation
(91a) is orthogonal to all £ (j + i); that is

(t; — v;)f b 4 fi [VAD L-1VED } DAD] fri = 0
(95)

This coefficient vector must be proportional to fri,

With this equation, all the products f/ b*> can be de-
termined (since v; ¥ v; for i %= §j by assumption), so that
b js determined up to an arbitrary multiple of fri. The
magnitudes 4 b can also be determined experimentally.
Unfortunately, this is only possible if the coefficients of
the analytical devices used are known (the devices must
be calibrated). It will be seen that other parameters of
the “peaks,” namely, the dispersion coeficients, can be
determined experimentally by uncalibrated devices. There
are, however, only d — & observable dispersion coefficients,
whereas the number of shift parameters is much larger.

A nonsingular peak will be observed in the #** mode if
in the representation

a
t=S o ft (96)
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the coefficient «; is nonzero, and if b‘® is a nonzero multi-
ple of f. It follows then from the definition of the disper-
sion coefficient D*, Equations (60) and (61), and from
(b) that D;* for the it mode is given by

D;* = fii [VUD L~1 V2D 4 DUD] fri (97)

D;® is independent of A or 1; that is, the dispersion is
independent of the instrument used. By Equation (97),
D,;* can be calculated analytically from the thermodynamic
and kinetic data of the system. It also can be found experi-
mentally by observing the increase of width with time of
a separated peak. For the experimental determination of
D*, the only requirement is an analytical device which
responds linearily. It is not necessary to know quantita-
tively how the response is related to the concentrations in
the mixture analyzed (uncalibrated instrument).

EXAMPLES

Dispersion for Klinkenberg’s Example
For Klinkenberg’s problem, L is given by Equation
(76). From this and Equation (20) it follows that
Det L =y H H, Hy/ ()2 a® (98)

Those elements of L~! which are needed for calculating
the dispersion coefficient, reduced according to

M=L"! Det L (99)
are given by

8d as as

(100a)

7ol H

Mm:_ﬂzﬂflﬁ + Botls (%_f_}+/31 1+'H)

a as a as
(100b)
Mgy = My = BHsz (100c¢)

a
_Hy ( t ) Botlits
2= B H o (100d)
Mw=@(@+&m+ﬁ) (100e)
o \do as

Since d = 1, the vectors £ and f* in Equation (97) be-
come scalars and can be set equal to unity. V12 and V@2
are given by Equations (77) and (78). From Equations
(77}, (78), and (97) to (100), it follows that

_ (v)2(af)%(a*)? [,313(1 + 8)*
ot B
B(1+ 8 B(B1— Ba)*
+ 72 + prey

D#

](mn

If there is physical equilibrium, #; — o, #z — ®, and
Equation (101) becomes

(v)2(d)2as  B(B1 — Bs)?
¥ #H

Equation (102) agrees exactly with Klinkenberg’s resuit,
which was obtained by a completely different method ap-
plicable only to this particular case. Note that Equation
(25) in Klinkenberg’s paper contains a typographical
error. The term ks Kp in the numerator under the square
root should be replaced by ka Ks Fy, all Klinkenberg's

D* =

(102)
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Fig. 1. Perturbation profiles for d = 2 at t = 5.12,

notation. It can be seen that for gy = B, the dispersion
vanishes. In this case, the perturbations are such that the
system always remains in chemical equilibrium, and,
therefore, the kinetic effects do not matter.

If # — 0, the dispersion approaches infinity by Equa-
tion (102). On the other hand, if # is set equal to zero
in the original formulation of the problem, and then the
problem is treated as one with n = 2, m = 0, there will
be two peaks (d = 2), the dispersions of which are deter-
mined by the physical rate processes. If there is physical
equilibrium, the dispersion of those peaks is, of course,
zero. The different results obtained for the two problems
(defined by n =2, m =1, H — 0,and n = 2, m = 0,
respectively) are not contradictory. In the first case, if
# —> 0, the time required to approach the asymptotic
solution becomes larger and larger. If #{ + O but is very
small, the one peak with very large dispersion of the
former problem would eventually be approached, while
the solution of the second problem would give a good

approximation to the transition period. As already noted
by Klinkenberg, in this case there would be two peaks
at the start which later merge into one very broad: peak.

A Numerical Example ford == 2

How peaks separate and approach an asymptotic ve-
locity and rate of spreading can be seen if the partial
differential Equation (62) is integrated numerically. This
has been done (4) for a case withn = 4, m = 2, ¢ = 0,
d = 2. The matrices K©, V*, and D for this example
are given by

—6 0 +25 +2
0 —3 +25 +175
K®=116 0 -25 -2 (103)
0 +3 —25 —175
05 0 0 0
0 053 0 0
0 0 0 0
D= (105)

TasLE 1

t dz*/dt (%) (do2/dt)
0.04 0.398 1.62 103
0.08 0.325 4.61 10-3
0.16 0.253 8.55 103
0.32 0.181 12.3 10—3
0.64 0.142 12.8 10-3
1.28 0.134 12.2 103
2.56 0.134 12.2 10-3
5.12 0.134 12.2 10—3
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In this example there are no chemical reactions but
only physical exchange processes. The example differs,
however, from ordinary chromatography in that the two
substances couple with each other, and therefore peaks
are produced which do not correspond to the pure sub-
stances. There would be no coupling if the nonzero ele-
ments Ky, Ky, Ky, and Ky3 were replaced by zeros, in
which case the transport of each substance could be de-
scribed independently. The partial differential Equation
(62) was integrated numerically by a special method
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which allows doubling of the time increment at each step
(4). Figure 1 shows the result of the integration at ¢ =
5.12 and for an initial perturbation of x; only in a very
small interval at 2 = 0.

It should be noted that the ordinate scales are different
for all four graphs. Two peaks develop in this column, and
it can be seen that, owing to the coupling, both peaks
contain the perturbations of both substances (equivalent
to four components) even though only one substance was
introduced in the column at + = 0. In this example x;
denotes the perturbation of the concentration in a system
which is originally in equilibrium and for which the equi-
librium conditions are nonlinear. In such a case, of course,
there is no restriction on the sign of x;. If x; is negative,
the concentration of the respective component is reduced
in the peak. Since in the problem in question no substance
1 was introduced originally into the system (x; and x; are
unperturbed originally), the integral perturbation of sub-
stance 1 (sum of the integrals over x; and x3 in this case)
must be zero. Qualitatively, this means that if x; and x3
are positive in the faster peak, they must be negative in
the slower peak (see Figure 1). The numerical results
show that the pgaks in the moving phase are ahead of
those in the stationary phase (that is, there is a shift), but
this phenomenon is almost unnoticeable in the figure.

From the K@ and the V* matrix given by Equations
(103) and (104), the velocities and dispersion coeffi-
cients of the peaks can be calculated. The results are
given by

vy = 0.4274 vy = 0.1340
D* = 2838 X 10-3 D,* =12.00 X 103
The magnitudes
dz* d 1 do?

dt " 2 dt
were estimated from the results of the numerical integra-
tion by calculating z* and o2 for the peaks at each time
step and by dividing the increase of these values per
step by the corresponding time interval. Results are given
in Table 1 for the second peak. The values in the second
column are very sensitive to the discretization error of
the numerical integration. This source of error is very
likely the cause for the slight discrepancy between the
last of those values and the value calculated analytically.

NOTATION

A = area matrix

a’ = flowing phase area, element of A

a® = stationary phase area, element of A

bf = linearized derivative vector of g’

b* = linearized derivative vector of g*

b® = vector of integration constants for the i moment

c = concentration vector, moles/volume, appropriate
phase

D = diffusion matrix

d, = number of physically observable peaks

d = n — m, the nullity of K

D*® = dispersion coefficient

E = d X n equilibrium matrix

E’ = n X msubmatrix of T—!, Equation (66)

E” = d X msubmatrix of E’, Equation (68)

e = ithcolumnvectorinE,i=1,...d

F = d X dvelocity matrix, Equation (44)

f* = it left-hand eigenvector (row) of F,i=1,...d

fr* = ith right-hand eigenvector (column) of F, i =
1,..
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g’ = flowing phase equation of state function

g® = stationary phase equation of state function

hi =i equilibrium function,i =1, ....m

K = linearized rate matrix, n X n

1 = instrument, operating on x to give a signal s

L = m X m submatrix of T~1KT, Equation (71)

m = number of stoichiometrically independent reac-
tions, including mass transfer

n = total number of components, counting each sub-
stance twice if it is in both phases

n, = number of components in flowing phase

P = d subvector of +*" moment of §, Equation (79)

q®’ = m subvector of v** moment of §, Equation (79)

r = rate vector, Equation (2)

S = n X d stoichiometric matrix

s = signal

s® = fthrow vector in S

T = n X ntransformation matrix, Equation (67)

t = time

v = velocity matrix

v = peak velocity

v; = ith eigenvalue of F

v/ = flowing phase velocity

X == concentration perturbation vector

y =d column vector of independent equilibrium
perturbations

z = distance in flow direction

Greek Letters

aj = coefficients in Equation (96)

B: = equilibrium constants in Equation (17) and
others, Klinkenberg’s example

Y = normalizing factor, Equation (20)

8; = Kronecker delta

m = combination of perturbations defined by Equa-
tion (49)

'y = transformed instrument, defined by Equation (92)

= m subvector of A, Equation (93)

¥ = ith stoichiometric vector, with units depending on
whether (i) refers to an interphase reaction or to
an intraphase reaction

v = moment number

13 = transformed perturbation vector, Equation (63)

pj = {*" reaction rate, with units depending on whether
the reaction is inter- or intraphase

o = number of equations of state for a case

L] = d subvector of A, Equation (93)

Superscripts

f = flow phase

s = stationary phase

“ = original equilibrium state before perturbation

¢ = number of equations of state (0, 1, or 2)

v = moment number

Subscripts

e = equilibrium state

p = peaks
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